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ABSTRACT
A previous procedure for the estimation of long term prestress
losses in pretensioned concrete bridge members is expanded to apply to
post-tensioned members. The procedure is based on the same basic
characteristic stress-strain-time relationships for the concrete and
steel materials. The time and strain compatibility conditions are
modified to reflect the particular conditions in a post-tensioned member.
Further modifications are made to allow for multi-stage post-tensioning,
as well as application of loads at several stages.
A parametric study was made using the computerized general procedure.
From this parametric study, a simplified procedure suitable for manual
calculations developed.
Examples are presented demonstrating the use of these proposed
procedures. Results are compared with those obtained from the method
contained in the present AASHTO Specifications. The proposed procedures
are shown to produce predictions comparable to the AASHTO method, but
allow more flexibility, over several parameters.
iv
l
for the purpose of extending the previously developed methods to post-
tensioned as well as pre-past-tensioned bridge members.
1.2 Objectives
The objectives covered in this report are listed below.
1. To extend the prediction procedure developed previously for
pretensioned members (FL Report 339.9) to apply to post-
tensioned" members.
2. To modify .the computer program PENDOT to perform'the above task.
3. To study the various components of prestress losses in post-
tensioned structural members, and to develop simple methods for
their estimation.
4. To devise a practical manual procedure for the estimation of
prestress losses in post-tensioned members.
1.3 Definitions
In the rapid development of prestressed concrete, a number of terms
have been used rather loosely without precise and universally accepted
definitions. As a result, research results in essential. agreement may
occasionally appear as contradicting one another. For the sake of
clarity, a set of consistent definitions are adopted for this report. The
authors do not claim authority in pronouncing these definitions, nor do
they anticipate quick acceptance by the profession. These definitions
are adopted for the sole purpose of enabling a rational discussion.
2
-Prestress: Prestress is defined as the stress introduced into con-
crete and steel prior to the application of loads. At any time after
transfer, prestress is evaluated as the difference between the total
stress in the material under load, and the theoretical stress caused by
the applied loads. Thus, the prestress may be viewed as the stress re-
maining in the material if all applied loads, including the self-weight of
the member, were temporarily and imaginarily removed. By this definition,
the application of load to a member will change the internal stresses, but
not the prestress. However, the long-term effect of any sustained load-
ing on prestress is recognized.
Losses: Loss?f prestress is evaluated with reference to the ten-
sioning stress in steel just before anchoring. For pretensioned fabrica-
tion, the frictional and anchorage losses are generally negligible, and
the reference datum may be taken as.the steel stress immediately after
anchoring to the prestressing bed. The major components of prestress
losses.are those due to elastic shortening, creep, shrinkage and
relaxation.
For post-tensioned members, the frictional and anchorage seating
losses are not negligible, and must be properly included. Total prestress
loss is therefore directly referenced to the jacking stress. For the sake
of convenience, an intermediate prestress value, at the critical location
immediately after anchoring, is introduced. It is equal to the jacking
stress reduced by the frictional and anchorage losses. The remaining
losses can then be calculated based on this intermediate stress value
using a procedure similar to the one used for pretensioned members.
3
1.4 Units
Unless specifically indicated, all quantities in this report are
given in consistent kip-inch-day units. Strains are dimensionless, and
are expressed in absolute values in calculations. In discussion, it is
often convenient to express strains in micro-inches per inch, or micro-
-6
strains, which are synonyms and equal to 10 •
1.5 Differences between Pre and Post-Tensioned Members
Several fundamental differences between pretensioned and post-
tensioned concrete members should be pointed out at' the beginning. The
most important difference is, of course, the time of tensioning of the
strands. In pretensioned members the strands are stretched before the
concrete is placed while the post-tensioned tendons are stretched after
placement and hardening of concrete. Because the post-tensioned tendons
are tensioned after the concrete has cured, they are stressed by jacking
against the member itself. On the other hand, the pretensioned strands
are tensioned in a' prestressing bed, placing no stress on the concrete
until transfer time.
Because of the differences in the tensioning procedure, the two
types of prestressed concrete members encounter different loss experiences.
For pretensioned members, a major loss component takes place at transfer
time due to the elastic shortening of concrete. In addition, relaxation
of steel in these members starts before creep and shrinkage. On the
other hand, a post-tensioned member suffers initial losses due to
4
anchorage and friction during tensioning, while the elastic loss is rela-
tively small. Shrinkage strain starts before stresses are introduced,
and the portion of shrinkage taking place before post-tensioning has no
( 7)
effect on prestress losses .
The post-tensioning fabrication procedure also permits various ten-
dons to be stretched at different times. Thus, it is possible to intro-
duce prestress in several increments, enabling a better control on the
camber or deflection of the member. This practice will be referred to as
"multi-stage post-tensioning" in this report.
5.

2. PREVIOUS RESEARCH
2.1 Previously Developed Theoretical Procedure
In Project 339, Prestress Loss in Pretensioned Concrete Structural
Members, and in Project 382, Prestress Losses of In-Service Highway
Bridge Members, a basic prediction procedure for prestress losses in
pretensioned members was developed. That procedure was based upon the
stress-strain-time relationships of concrete and steel materials, four
linking relationships and a linear ~elationship defining concrete stress
distribution in the member section. Similar basic relationships will be
used in the development of the post-tensioned procedure in Chapters 4
and 5 of this report. For the convenience of discussion of the new
procedure, the derivation of the previous basic procedure is shown in
this section. The basic relationships are listed below:
(1) Stress-strain-time relationship for steel
f =. f pJA1 + A2 Ss + A3
S a
- ; s s
IB1 + B2 log(t +1)JS (2-1)s s
- [B3 + B4 log (t s+1)Js sa}
where: f = steel stress, in ksi
s
6
The coefficients A and B, which were obtained by a regression analy-
sis of experimental data, are shown in Table 1. Those terms with the A
= specified ultimate tensile strength of ~teel, in ksi
1 .. 10- 2= stee stra1n 1n
f pu
S
s
t = steel time, starting from tensioning, in days.
s
coefficients represent the instantaneous stress-strain relationship. The
time-related relaxation loss of the steel stress is represented by the
terms with the B coefficients.
(2) Stress-strain-time relationship for concrete:
After prestressing,
After additional load is applied at t
c
= t
c5 :
Sc = C1 f c + [D1 + D2 log(tc+l)]
(2-2a)
(2-2b)
where: s = concrete strain, in 10-2 contraction positive
c
,
f = concrete stress, in ksi, compression positive
c
t = concrete time, in days, starting from the time of transfer,
c
taken as the same as the end of curing period
t = the age of concrete, in days, when additional load is applied
c5
f = increment of concrete stress due to the additional load,
sd
applied at t = t 5' in ksi, compression positive.
c c
In the above expressions, the first term on the right-hand side, C1 fe'
7
represents the elastic component of concrete strain. The shrinkage
strain is represented by the D terms, and the creep by the E terms. The
experimental coefficients of the concrete materials are shown in Table 2.
If the stress increment fad is known, it can be inserted directly
into Eq. 2-26, More commonly, the total external applied loads are known
instead of fad' In such cases, fsd must be properly evaluated to insure
continuity in both stress and strain at time t = t 5. It is noted that
c c
Equation 2-2a app lies at this' time befor'e the application of loads, and
Equation 2~2b applies immediately afterwards, Subtracting these two
equations, the relationship between the stress and strain incremerits is
obtained:
This relationship is combined with the stress compatibility condition,
the steel stress-strain relationship and the equilibrium conditions to
produce an equation which is solved for fsd. The detailed development
is given in Ref. 2.
(3) Time compatibility:
(2-3)
where: k l = time interval from tensioning of steel to transfer of
prestress, in days (this includes the time for form setting,
casting and curing).
(4) Strain compatibility, at the location of each prestressing
strand:
8
s + S = k 2s c
where: k Z = initial tensioning strain in steel, in 10-Z in/in.
(5) Equilibrium conditions:
Sf d A - L:f a = Pc c s ps
Sf xd A - l:f x"a =-Mc c s ps
(2-4)
(2-5 )
(2-6)
where: A = area of net concrete section, in in~
c
a = area of individual prestressing elements, in in~ps
x = distance to elementa~y area from the centroidal horizontal
axis, in in.
P = applied axial load on section, in kip
M = applied bending moment on section, in kip-in.
The positive direction of x, P and M are shown in Fig. 1.
(6) Concrete stress distribution:
(2-7)
where: gl' gz = parameters to define concrete stress distribution in
member section.
In these equations, f , f ,S and S are functions of x, and in
esc s
Eqs. 2-5 and 2-6, the integrations are over the net concrete area and
the summations cover all prestressing steel elements. Substituting Eq.
2-7 into 2-5 and 2-6, and performing the integrations,
A gl - ~(f + f )a = Pg s cs ps
9
(2-8)
I g - ~(f + f )x a =-Mg 2 s cs s ps
where: f = concrete fiber stress at the level of prestress steel
cs
x ~ x distance for an individual prestressing element
s
(2-9)
Therefore f
cs
(2-10)
To simplify further derivation, a group of parameters are introduced
Pl = Al f pu
P2 = [A2 - B1 - B2 109(tc+kl+l~ f pu
P3 = [A3 - B3 - B4 10g(tc+k1+l)] f pu
for t < t 5
c - c
for t > t 5
c - c
Q1 = D1 + E1 + (D2+E2) log(tc+l) - E4 fsdrlOg(tc+l) - 109(tc+l-tC5~
Qi = Cl + E3 + E4 log(tc+l)
Then (2-11)
Substituting into Eq. 2-4:
Substituting into Eq. 2-11:
= Rl + RZ f + R3 f acs cs
10
(2-12)
. (2-13)
(2-14)
where; Rl = P l + P2 (k2- Ql) + P3 (k2- Ql)2
R2 = -Q2!P2 + 2P3 (k2- Ql)]
Substituting Eqs. 2-10 and 2-14 into the equilibrium conditions 2-8 and
2-9
A gl - l:[Rl + (R2+1) (gl+gZ x s ) + R3 (gl+gZ x )2] a = P (2-15 )g s ps
I gz - l:[Rl + _(R2+1) (gl+g Z xs ) + R3 (gl+gZ x )2] x a . = -Mg s s ps
(2-16)
These equations are simultaneous quadratic equations in gl and g2'
and can be written in the form of Eq. 2.... 18 by introducing the following
parameters
UI = R1 Aps + P VI = R1 '2: x a - Mps
Uz = (RZ+l)A - A V2 = (R2+l)l: x a ps = U3ps g
U3 = (R2+1)2: x a V3 - (R2+l)l: .,? a - Ips ps g
1 (2-17)U4 = R3 Aps V4 = R3 ~ x a =-ups 2 5
Us = ZR3 :E x a Vs = 2R3 i: ~ a = 2Ups ps 6
U6 = R3 l: .,? a V6 = R' ~ X
S aps 3 ps
Then U1 + Uz gl + U3 g2 + U4
g a + Us gl g2 + U6 g a = 01 2
(2-18)
VI + V2 gl + V3 82 + V4 g12 + Vs gl gz + V6
g a = 0Z
If prestressing steel is concentrated at one level, then x becomes
s
a constant for all elements, and is equal to e by definition. Replacing
, g
x by e and performing all summation in Eqs. 2-17, the parameters U and
s g
11
V become simplified as follows:
Ul = R1 A +Pps
Uz = (RZ+l)A - Aps g
U3 = (R2+1)e A = V2g ps
U4 = R3 Aps
VI = R1 eg A - Mps
V3
:::: (R2+1)'eg
2 A Ips g
V6 = R3
e' a Ag ps
Substituting these equations into Eqs. 2-18, the quadratic terms can be
eliminated by multiplying the first equation by e and subtracting theg
second
Therefore
A e
g = g g g
2 I 1 -g
P e + Mg
I g
(2-19)
substituting into Eq. 2-7
P e + M
--g----- x
I g
It is clear that Eqs. 2-18 can be transformed into a quadratic equation
in terms of gl by means of Eq. 2-19. However, a more useful form of the
equation is obtained by eliminating gl and g2 from Eqs. 2-15, 2-16, and
2-13. Replacing x bye, these equations become
s g
(2-20)
12
(2-21)
f
cs
(2-22)
Multiply Eq. 2-20 by'I , Eq. 2-21 by (A e ), add these two equations,g g g
and substitute Eq. 2-22
Therefore
(2-23)
Two parameters are introduced
1~ = e 2
A (...l. + ~)ps A Ig g
p Me
f '=_+-..8.
ct A Ig g
Equation 2-23 is then transformed into Eq. 2-24
(2-24)
It is important to note that f
ct
' is the nominal concrete stress at c.g.s.
caused by the applied loads, based on gross section properties, and
using a tension positive sign convention. The dimensionless geometrical
parameters a is closely associated with the ratio of steel prestress to
concrete prestress.
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The equilibrium equations, 2-5 and 2-6, can also be simplified to
yield the value of steel stress at any arbitrary time:
(2-25)
By definition, the steel prestress and prestress loss can be evaluated
by the following equatiDns:
f = f - fp s st (2-26)
(2-27)
where: f = steel p~estress, in ksip
f = steel stress caused by applied loads including member weight
st
and all permanent loads, in ksi
~f = loss of prestress, in ksip
f . = initial steel stress immediately upon a~chorage, in ksi
S~
2.2 Previously Developed Practical Procedure
A simple procedure for the hand calculation of prestress losses in
a pretensioned concrete member has also been developed in the previous
projects. The procedure entails first the estimation of losses at the
beginning and end of service life of the member, taken at transfer time
and 100 years afterwards, respectively. Prestress losses at intermediate
times are calculated by linear interpolation with respect to the logarithm
of time. For a short time period after the application of external
loading, the prestress is taken as remaining constant. This procedure
was previously given in Ref. 8, as follows:
14
Input data needed:
Concrete material characteristics
Initial tensioning stress f .
S~
Transfer time k 1
Geometrical design parameter S
Nominal concrete stress at e.g.s. caused by full long term
load f
ct'
Nominal concrete stress at c.g.s. caused by loads, applied
later than transfer of prestress ~fct'
Age of concrete wh~n 6f
ct ' is applied t es
Step 1: Initial prestress loss, at transfer time:
It = RELl + EL
The two parts of initial loss IL are:
(2-28)
= pretransfer relaxation loss, dependent upon f . and
s~
k1,·and calculated from the steel stress-strain-time
relationship, Eq. 4-1
EL = Elastic loss of prestress
where n. = Initial modulus ratio
~
Step 2: Final prestress loss, taken at the end of 100 years
TL = SRL + ECR - LD
15
(2-29)
(2-30)
The three components of the final loss TL are:
SRL ~ Component independent of concrete stress, dependent
upon concrete characteristics and f .
51
ECR = component directly dependent upon concrete stress
= 2.2 EL
LD = Effect of applied load, including weight of members
n. ~
l.
1 f ct
1 (2-31)= (y-l)" + n. _
~
where 'Y = 2.9 for lower bound losses
3.3 for upper bound losses
Step 3: Auxiliary final prestress loss: . If the load creating ~£ct' were
eliminated, the member would be under a lighter load over its
entire life, and the final loss would be higher
T = TL + ALDLD (2-32)
6LD (2-33)
Step 4: Loss of prestress at intermediate time t
c
(a) Before the application of load, t
c
< t cs
PL = IL + O.22(TLn-IL) log t
c
(b) Duration of prestress excursion period, ~t:
(2-34)
log.(tcS+At)
log t
c5
TIn - IL
=----TL - It
16
(c) puring the prestress excursion period,
t 5 < t < t 5 + ~tc c c
(d)
PL = 1L + O.22(Ttn- 1L) log t
c5
After the prestress excursion period, t > t 5 + 6t
c c
PL = IL + 0.22(TL-IL) log t
c
17
. (2-35)
(2-36)
3. FRICTION AND ANCHORAGE LOSSES
3.1 Introduction
At the time of tensioning of a post-tensioned member, two components
of prestress loss take place, namely, those due to friction and anchorage
seating. These losses are unique to post-tensioned tendons. They are
both location-dependent because of friction, but their distribution along
the length of the member are quite different. Given the frictional
characteristics, these losses can be accurately calculated for any
specified location in the member. The steel prestress at an interior
location, after the friction and anchorage losses, controls the subsequent
losses in manners very- similar to the steel stress before transfer in a
pretensioned member. This steel prestress value is used as the basis for
calculations of long-term stress conditions, to be described in Chapter 4.
3.2 Development of Equations
The first loss component to occur is. the one due to friction. As a
tendon is jacked, it slides against the wall of the conduit which
contains the tendon, and frictional force is developed to resist the
sliding motion, causing the tendon stress to decrease from the jacking
end(s). Figure 6 shows the typical distribution of frictional loss.
Frictional loss is calculated in terms of intentional and uninten-
tional curvatures in the tendon profile. The basic equation for friction
loss is(5,9)
f = f _
x SJ
18
(3-1a)
where: x = distance from jacking end to point x (in feet)
f . = jacking stress at the end
SJ
f = steel stress at a location x
x
K = wobble coefficient, in units per ft
~ = coefficient of friction between the post-tensioned tendon
and the conduit.
11 1 f f ·· E 3 1 b 1 1 · d by (9)For sma va ues 0 r~ct10n, q. - a can e case y apprOX1mate
f = f . fl - (Kx + \.LQI~X SJ _ ~ (3-1b)
In most practical cases, the tendon profile may be treated as having
constant curvature. In such cases, Eq. 3-1a can be shortened by intro-
dueing a new coefficient
where: t = length over which the curvature is constant
~ = total angle change over the distance tt
Then f = f .
x 5J
-kx
e C3-le)
Anchorage loss, the second component, is the result of slippage
and/or deformation in the anchoring device when the tendon is anchored
after tensioning. Because of friction, the loss due to anchorage seating
is not uniformly distributed over the full length of the member, but
rather heavily concentrated near the end(s) being anchored. In this
case, the tendon slides inward, in the direction opposite to that during
the tensioning, so the friction force is also reversed. A higher stress
loss near the end of the member results as shown in Fig. 7. This loss
19
will be distributed over a length sufficient to make up for the change in
length of the tendon. The shortening of tendon during anchorage is Bbtained
by integrating over the anchorage length
!L ~fJ a s~a = ~ dxa s (3-2)
where: ~a = slippage or deformation distance
~ anchorage length, length over which the anchorage seating
a
loss of prestress is distributed, See Fig. 7
E = modulus of elasticity of steel
s
~f = change in steel stress due to anchorage loss.
s
UsingEq. 3-1a to evaluate steel stresses before and after anchoring,
and considering the case of uniform cruvature, Eq. 3-2 becomes
Performing the integrations
~a E
S
f .SJ
k
-kt -2kt
= 1 - 2e a+ e - a
solving for the anchorage length
1 - -kte a =
fj.a E k
s
f .
SJ
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t =-a
1 rE ~ k ltn sa;k _ f. ~
SJ
(3-3)
For a location outside the anchorage length (x > t ), the steel stress
a
is not affected by the anchorage losses and is defined by Eq. 3-1. For
a location inside th~ anchorage length (x < t ), steel stress is affected
a
by both friction and anchorage seating, and:
f = f .
x SJ
-k(2t -x)
e a (3-4)
It is clear that the preceding derivation is valid only if the tendon
slipback does not penetrate the entire length of the member, i.e., the
anchorage length is less than the effective beam length.
t < L
a - e
where: L = "effective beam length" or the maximum length available for
e
distribution of anchorage seating losses; one half of member
lengtrn if tensioning is done from both ends simultaneously;
length of member" if post-tensioning is done from one end only
For short members, or members with low friction coefficients, t
a
calculated by Eq. 3-3 may exceed the maximum available length L , which
e
is clearly not acceptable. This case is shown in Fig. 8. Once again
integrating the change in stress over the anchorage length and setting
if equal to the anchorage loss, results in
~f
S dx
E
s
(3-5)
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If the tendon stress at the jacking end after anchorage is designated by
f ,
e
~f = f· e -kx
s sj f e
kx
e
Therefore,
L
e
=J (£ ·
o sJ
kx
e )dx
Performing the integration
f. kL f k~a E =-!1(1 - e- e) - ~(-1 + e Le )
s k k
For a section at a distance x from the end, the steel stress after
anchorage is:
f = f "
e SJ
-kL
e e-
k D.a E
s
kL
e e - 1
f = f
x e
kx r k ~a E - kL l kx
e = I- kLS + f . eel e
-1 - e e S J oJ
f = ff .
x .. SJ
k6a Es ] -k(L -x)
-kL e e
1 - e e
(3-6)
The above derivation deals with tendon profiles in a single uniform
curvature only. For profiles with multiple curvatures, somewhat more
complicated formulas will be needed. Derivation of these formulas will
not be presented here, but can be found in available literature~3)
22
In summary the procedure for calculating friction and anchorage
losses includes the following steps:
1. Compute the anchorage length using Eq. 3-3 and determine if the
full anchorage length is acceptable within the maximum available
length (t < L ).
a - e
2. If t > L , anchorage loss penetrates the entire beam, and steel
a e
stress at any location is calculated by Eq~ 3-5.
3. If t < L , anchorage loss does not penetrate the entire beam.
a - e
4. At a section outside of the anchorage length (x > t ), there is
- a
no prestress loss due to anchorage sltppage. Steel stress is
calculated for friction loss only, use Eq. 3-1.
5. For sections inside the anchorage length (x < t ), steel stress
a
is influenced by both friction and anchorage seating, and is
determined by Eq. 3-4.
Computer subroutine ANOFR follows the aforementioned procedure to deter-
mine the initial tensioning stress at the center of the beam.
3.3 Selection of the Critical Section
Structural design of any member is usually controlled by the
conditions at a certain cross section. For a simply supported beam, the
midspan can generally be taken as this critical location. Here the
moments due to dead end live loads tend to be'at the maximum. Also, the
anchorage and friction losses tend to reduce the prestress to a relatively
low value, particular if the post-tensioning is performed from both ends.
23
Because of these considerations, the computer program calculates the
stresses for the mi~span section only.
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4 . GENERAL PROCEDURE
4.1 Introduction
In many aspects, the procedure for long-term losses in post-tensioned
beams is similar to the one for pretensioned members. Both procedures
share the same material stress-strain-time relationships (Eq. 2-1, 2-2a,
2-2b), and the same assumption of a linear concrete stress distribution
(Eq. 2-7). Each procedure also contains four linking conditions on com-
patibility and equilibrium. Changes were made in these ·linking relation-
·ships to accommodate the sequence of events in the post-tensioning method
of fabrication.
In the previous procedure, a mixed sign convention was used for the
stresses (and prestresses). A positive stress signifies tension in steel,
but compression in concrete. In the new procedure, a uniform and consistent
sign convention is adopted so that all tensile stresses are positive. This
change caused several sign changes in the formulation, and' enables an
easier interpretation of the computed results. Additional modifications
were made in the formulation to allow for multi-stage post-tensioning and
loading. These modifications greatly improved the flexibility of the pro-
cedure, so that it can easily be adapted to handle pre-past-tensioning or
1 h d f · (1)segmenta met 0 0 construct10n .
4.2 The Time Parameters
In the pretensioning fabrication procedure, all prestressing strands
are tensioned at practically the same'time, and also released from the bed
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at practically the same time. Therefore, only one steel time parameter
t is needed. The transfer of prestress is done immediately upon the
s
termination of curing, hence the same time parameter t applies to both
c
the creep and the shrinkage components of the concrete strain. The link-
ing relationship (2-3)
shows that the tensioning of steel precedes the prestressing of concrete
by the "transfer time" k1 . The same constant k1 applies to all preten-
sioned steel elements.
In the post-tensioning procedure, tensioning of steel follows the
hardening of concrete; The"shrinkage and creep of concrete are con-
trolled by different time parameters. In addition, multi-stage post-
tensioning requires different time values for each steel element. To
afford the flexibility needed, all times are referred to a single start-
ing point at the termination of curing. This single time variable is
designated as t
e
. An array of time values (t
sl ' t s2 ' ... ) are used to
designate the time when successive post-tensioning operations are per-
formed. Thus, the time parameter controlling the relaxation of the i th
stage post-tensioned steel would be
temporarily for derivation purposes.
Notice that t . are constants similar to the kl constant in Eq. 2-3 for81
The steel time variables (t ). will be used only
s 1.
(4-1)(t ). = t - t .
S 1. C S1.
pretensioned members.
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4.3 Modifications in Material Characteristic Equations
4.3.1 Steel Equation
The characteristic equation for prestressing steel has previously
been developed as follows:
- [B + B 1 (t + 1)] 8 2 ]
,3 4 og s s (2-1)
As pointed out before, the terms with the B coefficients represent the
loss of steel stress due to relaxation. This expression for relaxation
loss was developed empirically from long-term relaxation loss data. An
inaccuracy at the initial times is tolerated to achieve long term
stability. As can be easily seen, the inaccuracy amounts to an overesti-
2
mation of relaxation loss by f pu (B1S s + B3Ss ) at time t s = O. This
inaccuracy decreases rapidly with time, and becomes negligible when t
s
exceeds approximately ten days.
In the previous procedure for pretensioned members, this initial
inaccuracy in relaxation estimation was not apparent, since the full
expression (2-1) was used only after the transfer of prestress, which
took place a day or more after tensioning. For the immediate stress-strain
response at tensioning time, a shortened expression including only the
terms with the A coefficients was used.
(4-2)
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For post-tensioned members, a similar approach was used. For each
prestressing steel element, Eq. 4-2 is used at the time of its tension-
ing (t = 0), and the complete Eq. 2-1 is used for all subsequent times.
s
When several steel tendons are tensioned one after another, this approach
causes the calculated stress in each tendon to change rather drastically
when the next tendon is stretched. The amount of the stress change would
appear to be inconsistent with the elastic behavior of the cross-section,
but actually only reflects the discontinuity caused by the initial inac-
curacy in relaxation, mentioned earlier, which is included in the calcula-
tion for the first time.
To avoid any misunderstanding of these apparent discontinuities in
steel stresses, it is decided that the shortened Eq. 4-2 will be used
for each steel element, not only at the time of its tensioning, but also
for subsequent times until (t ). = 1 day, after which time the full
s ~
Eq. 2-1 will be used. Figure 9 illustrates the variation of steel stress
by this technique. It shotild be emphasized that for long term analyses,
the full amount of relaxation is accounted for, and no inaccuracy is
induced. The use of the full equation 2-1 is delayed merely to remove
the appearance of inconsistency when several post-tensioning stages occur
within the same day.
One other modification adopted in the procedure for post-tensioned
member is the permissible variablity of steel characteristics for multi-
stage post-tensioning. The steel characteristic equation is specified
for each post-tensioning stage separately, allowing for a design which
utilizes several types of prestressing steel in the same member.
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4.3.2 Concrete Equation
The first modification to the concrete stress-strain-time relatiQn-
ship involves the starting times of the creep and the shrinkage. For pre-
tensioned members both the shrinkage and the creep were taken as starting
at the termination of curing, t = O. In contrast, for post-tensioned
c
members, the creep starts at the time of first tensioning which is signi-
ficantly later than the end of curing. Rewriting Eq. 2-2a, after adjust-
ments to conform with the new sign convention for concrete stresses, the
basic form of the relationship is
(4-3a)
where tsi = concrete time at which the first tendon is tensioned, in days
Likewise, after multistage post-tensioning or additional loading, the
relationship is
Sc = -C1fc + [D1 + D2 log Ctc + 1)] + [E1 + E2 log (tc - t sl + 1)]
-.fcE3 - E4 (fc -~ f sdi) log (tc - t s1 + 1)
- E4I [fsdi log (tc - t si + 1)] (4-3b)
where f
sdi = Increment of concrete stress caused by the post-tens~oning,
or loading, of the i th stage,
and the summation operations cover all stress increments which have already
taken place (t . ~ t )
81. C
·29
Immediately after tensioning the first strand, t
c
= tsl' Eq. 4-3a reduces
to
This reduced equation contains shrinkage strain [D1 + D2 log (tc + 1)] and
creep strain (E1 - E3f c). While [Dl + EZ log (t c + 1)] represents cor-
rectly the shrinkage strain at this time, the [EI - E3f c ] term for creep
strain is an initial inaccuracy similar to that in the steel relaxation
expression, discussed in Section 4.3.1. In order to remove the appearance
of inconsistency, the same treatment as for the· steel characteristic rela-
tionship is adopted. The creep component is omitted until one day after
the first stage post-tensioning. In other words, for t
c
~ t
sl + 1, a
shortened concrete relationship is used:
(4-4) .
Similar to the treatment of the steel relationship, this arbitrary delay
for the inclusion of creep strain permits all steel elements tensioned one
after another to show conformal loss behavior. For long term analysis,
the full amount of creep strain is included, and no inaccuracy is induced.
(See Fig. 10).
An additional complication in the concrete expression, Eq. 4-3b, in-
volves the evaluation of the stress increments f d t • The direct solutionS 1
method mentioned earlier (Section 2.1) is impractical for the generalized
case under consideration, and an iterative method is employed instead.
The concrete stresses immediately before loading are directly calculated.
An initial approximation of f d- is calculated based on linear elasticity,
s 1
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f d.S 1 = -
~P. (L\M.)x
__1. + 1.
A I (4-5)
whe~e ~P. and 6M. are the loads being applied.
]. J.
The concrete stresses immediately after loading are then calculated based
on these approximate values of f d-. The difference between the two sets
S 1
of concrete stresses yields new estimates of f d-. These new estimates of
s 1.
f d- enable the recalcuation of the concrete stress after loading, which
S 1
in turn yields improved estimates of f d-. The iteration procedure is
s ].
repeated until f d- values are essentially stabilized. This is usually
S 1
achieved in four or five cycles. More ,details are given in Appendix C.
4.4 Post-Tensioning
When a steel element is post-tensioned the stress in the element is
being controlled and known. The stresses (strains) in the elements which
have previously been tensioned and anchored to the member are not con-
.trolled, but are free to respond to the additional axial load and moment
imposed by the new tensioning force. In the developed procedure, the post-
tensioning is initially treated ·as an application of an equivalent
eccentric load on the "previous" section which includes the ·concrete
cross-section plus all previously anchored steel. The equivalent axial
load is the tensile force in the element being stretched. The equivalent
applied moment is the product of the tensile force and the distance
between the steel being post-tensioned and the centroid of the net con-
crete section. Figure 13 helps to clarify this equivalent force system
for post-tensioning.
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For the determination of stress and strain conditions immediately
f h · th ft·' · t h - 1a ter t e J.. . stage 0 pos -tensloulug, at tlme t = ., t e equlva ent
C 8l.
I d f h - th · · · dd d h 1 1oa system or tel post-tensl0nlng 1S a e to t e actua externa
loads, and the "previous" section is analyzed for the total loads. Notice
that each post-tensioning creates f d- increments in all concrete fibers,
S 1.
which cause changes in the concrete characteristic equation. Hence, this
analysis involves the iterative procedure described in Section 4.3. For
> h · th · dd d h fftimes t t _, t 8·1 stage steel a . J..s a e to tee ective section,
c 81 81
and the equivalent load system for post-tensioning is removed.
Another modification which has been incorporated into the post-"
tensioned prediction procedure involves the strain compatibility constant.
In the pretens~oned member the concrete is not stressed at tensioning,
and k 2 is equal to· the initial steel tensioning strain. In tHe post-
tensioned case, concrete is stressed simultaneously with steel. There-
fore, the strain constants are not so directly known. For each post-
tensioned steel element
s . + S • = k 41..S~ CJ.. (4-6)
where S . and S . are concurrent steel and concrete strains. Notice that
81 'C1
at time t _, S . is the tensioning strain in steel, directly under control
S~ s~
but S . is the total concrete strain (in compression) caused by all pre-
Cl
stressing and loading including the stage under consideratiou):.k4i can
only be determined by summing S . and S . at time- t ., and is kept con-
81 C1 81
stant afterwards.
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4.5 Applied Loads
Loads which have influence on the prestress losses in a post-
tensioned bridge member include the weight of the precast member, that
of the added deck slab, and any other sustaining load. The live and
impact loads are transient in nature, and have negligible effect on the
loss of prestress, hence are not included in this analysis. Most of the
applied loads are supported by the precast member itself. Only a small
portion of long-term loads is carried by the composite section of beam
and deck slab. Weight of a future wearing surface is the most common
example of these loads.
In the prestress loss estimation procedure presented herein, the
loads supported by composite section are replaced by equivalent load
systems (axial load P and bending moment M) which, when applied to the
precast section, produce the same stresses. By this load conversion
strategy, the general solution subrountine us~s the properties of the pre-
cast section only. The composite section properties are used only in a
preliminary subroutine for load conversion. As a consequence, the pro-
gram-.developed here cannot accept post-tensioning of steel after the deck
slab has been placed, since post-tensioning of the composite sections can-
not be properly converted to desired equivalent load system. This re-
striction is justified by the understanding that post-tensioning of the
composite section is rarely done in practice.
As noted previously with regard to the losses in pretensioned members,
the time when an external load is applied to a member has negligible
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influence on the long-term prestress losses. The same holds for post-
tensioned members. Therefore, for the sake of convenience, all externally
applied loads, with one exception, are taken as activated at the same
time when the deck slab is placed.
The lone exception to the above is the weight of the precast member
itself. This load becomes active in the member as soon as post-tensioning
prestress is introduced to cause negative bending. In fact, the jacking
force is measured with the member weight in action. In the proposed pro-
cedure, the member weight is assumed to be fully active upon the first
stage post-tensioning (t = t ). For members which do not camber up
. . C 81
until after several stages of post-tensioning, this assumption induces
slight errors in the steel elements of these early stages, but its effect
on the total prestress is negligible.
4.6 Effective Cross-Section
In the previous procedure for prestress loss estimation in preten-
sioned members, gross concrete section properties were used in the compu-
tations. The use of gross section properties was chosen for practical
convenience, and is justifiable because the gross section can be directly
related to the concrete and steel areas. That is
A = A + Ag c ps
For post-tensioned members, such a simple relationship does not exist.
Post-tensioning tendons are generally placed in conduits ~vhose areas
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are several times larger than the areas of the tendons contained. In
addition, the amount of steel effective in resisting an applied load
changes with each stage of post-tensioning. In the new procedure, all
calculations of cross-section properties refer to the net concrete section.
The effective steel area is accounted for separately.
4.7 Summary of Procedure for Post-Tensioned Members
With the basic relationships modified as described in the preceding
sections, the general procedure for post-tensioned members is derived in a
manner very similar to that for pretensioned members. As shown in
Appendix C, the basic relationships are combined into two simultaneous
quadratic equations in gl and 82 which defines 'the distribution of concrete
stresses (Eq. 2-7)
These equations have exactly the same form as Eqs. 2-15. However, the mean-
ing of the coefficients U and V are somewhat different as can be seen from
Appendix C.
For the analysis of a post-tensioned member, the necessary input
information include:
The net concrete section properties: Area., centroidal axis loca-
tion, moment of inertia.
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The characteristics of concrete material
For each post-tensioning steel element:
The characteristics of steel material
The areas and location of the element, a . and x.
S1 1
The initial tensioning stress at the critical section, after
friction and anchorage losses
The time of post-tensioning, t .
81
For applied external loads:
The moment. caused by the weight of the precast member is taken
as applied. at the time of first stage post-tensioning (t )81
All other loads are taken as applied at the time of casting of
deck slab
To_ determine the condition at a specified time t
c
' the coefficients Qi
and Q2 are first calculated, the calculation of Ql includes contributions
from all available f
sdi terms (for whi.ch t si < t c). Next, the R1i , R2i
and R3i coefficients are determined for steel elements of each preceding
stages (for which t . < t). Summations in Eqs. C-7 are then performed,
81 C
and Eqs. 4-7 and 4-8 solved. The concrete stress at any location is deter-
mined by Eq. 2-7.
4-6 and 2-1.
The steel stress f is calculated by using Eqs. 4-3b,
s
At each stage of post-tensioning and loading, additional stress
both before and after the event, while maintaining the time parameter
increments.f d- are introduced, which requires the analysis of the member
s ~
unchanged (at t
c
Appendix c.
t .). The iteration procedure is described in
81
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On account of the dependency of the solution procedure on the f d-'
S 1
it is clear that the analysis of a given member must follow the time
sequence of its stages of post-tensioning and loading. Between two post-
tensioning (or loading) stages, the solution is direct and does not
require cumulation of short time intervals.
Computer programs BEAM has been developed to carry out the analysis
of post-tensioned members as described above. It analyzes a given post-
tensioned member over its entire service life, assumed to be 100 years
after casting of the precast beam member. Concrete and steel stress dis-
tributions are determined before and after each stage of post-tensioning,
before and after application of deck load, and at a series of preselected
concrete ages from 1 day to 36500 days. A brief flow chart of this program
is given in Appendix B.
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5. PRACTICAL PROCEDURE
5.1 Introduction
The practical procedure is a simplification of the general procedure
described in Chapter 4. It is designed for manual computation. As in
the case of pretensioned members, the practical procedure for post-
t"ensioned members involves the estimation of an initial loss at the time
of tensioning, a final loss at the end of service life, (taken at the
concrete age of 100 years), and the loss at any intermediate time.
A format similar to that for the pretensioned members is used, and
whenever possible, calculations are made similar. The initial loss
involves only that caused by friction and anchorage seating. For the
final loss, an estimate of the long-term losses is first made on the basis
of pretensioning, and several correcting terms are added. In symbolic
form, the formula is
TL = ACF + ES + BLL - S - eRA - LD (5-1)
when ACF = loss due to anchorage seating and friction
ES = Elastic shortening loss
BLL = "Basic" long-term loss, including shrinkage, creep
and relaxation effec'ts
S =: Correc'tion to shrinkage loss
eRA = Correction for multistage post-tensioning
LD = Effect of applied load
Each of the component terms is discussed in detail in the following
sections.
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The estimation of intermediate losses is based on a linear growth
with respect to the logarithm of time. The calculation is similar to
Eq. 2-28 for pretensioned members, except that the beginning time is that
of first tensioning, tsl. Therefore
PL
log (t - tal)
= ACF + (TL - ACF) log (36500 - tsl)
For practical purpose, the t
sl term in the denominator can be ignored,
and
PL = ACF + 0.22 (TL - ACF) log (t - t
s1)
5.2 Friction and Anchorage Losses
(5-2)
Friction and anchorage seating losses, ACF in Eq. 5-1, are directly
calcul~ted by Eqs. 3-1, 3-4 or 3-5. In most practical cases, the fric-
tiona! co~fficients ~ and K are not large and simp~er. formulas based on
the linear approximation (Eq. 3-1b) may be used.
Friction and anchorage losses are the only components occurring at
·the "initial" time. Relaxation of steel has not yet begun, and elastic
shortening loss does not occur until a later stage of post-tensioning
takes place. Therefore, the "initial loss" in a post-tensioning steel
element is the same as the quantity ACF. As mentioned earlier, the steel
stress after the ACF losses is taken as the "initial" stress value in the
estimation of long-term losses.
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5.3 Elastic Loss
Prestress loss due to elastic shortening of a post-tensioned member is
dependent upon the sequence of post-tensioning. This loss component can be
calculated accurately, using the well-known linear elastic formula, by a
th
step-by-step cumulation. At the i step of tensioning, a previously
tensioned j th step (j < i) steel eleme nt suffers a stress loss -of
(
1 e.e.)
(ES) .. = n a · £ · -A + --1.....J.rJ~ 81 p1 · 11-
(5-3)
where A, e, and I refer to the area, eccentricity, and moment of inertia,
respectively, of the composite- section containing all steel up to the
) th h 1 1 · 1 · h .th 1·(i-1 step. T e tota e astlc ass 1n t e J stee 18
(ES). =
J
The "average" elastic loss is
l:
i=j+l
(ES) ..
J1
In most practical cases,. the scattering of the prestressing steel is
ES = All: (ES). (a .)
ps j J SJ
f ( l + eie j )= An l: (a .) l: a - - A I
· S J - S ~ p1 1.--1ps J ~
(5-4)
not large, and the successive composite sections differ only slightly from
one another. Equations 5-3 and 5-4 can then be simplified considerably by
referring to the net concrete section and t~e average eccentricity.
a _ f _
S~ ....E.1
= oX- e
ps
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f .
ES = C n --E1:
es ~ (5-5 )
(5- 6)1
s= A (1+ e2 )
ps A I
~vhere
C
es
(5-7)
Notice that S is the same dimensionless parameter previously used in
connection with Equation 2-18, but refers to the net concrete section for
post-tensioned members. The coefficient C clearly has values within the
es
limits 0 and 0.5, depending upon the separation of A into a~. For singleps 81
stage tensioning, C obviously equals zero. For practical purposes, it is
es
recommended that C be taken as 0.25 for two stage post-tensioning and 0.37
es
where more than two stages are involved.
5.4 Basic Long Term Loss
The basic long term loss represents the total prestress loss caused by
shrinkage, creep and relaxation, assuming all prestressing to be applied
at concrete age of zero. It resembles the total loss of a pretensioned
member, except that the elastic loss is not included. The estimation of
BLL is made based on the previous procedure, including two parts~
BLL = SRL + CR
The SRL part is controlled by the initial steel stress and the characteris-
tics of concrete, and independent of the concrete stress. It is estimated
by the aid of Figure 3. The CR part is primarily controlled by the initial
concrete stress at the level of the steel element. and also affected by the
initial steel stress. It is similar to the ECR term used in the pretensioning
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procedure, but does not include the initial elastic shortening effect. It
is estimated by Figs. 11 and 12. More simplified, the CR term may be
estimated as 1.2 n f ,when f is the initial concrete stress at the level
cs cs
of steel.
The components ACF, ES and BLL combine to give the anticipated pre-
stress loss, at the concrete age of 100 years, in a post-tensioned member,
prestressed at time zero, and carrying no external load.
5.5 Correction to Shrinkage Loss
The first correction term S reflects the fact that post-tensioned
members are typically prestressed some length of time after the end of
curing. A significant portion of the shrinkage strain takes place before
the application of prestress, and has no effect on the loss. The concrete
characteristic equation (4-3b) indicates the amount of shrinkage strain in
question is
Because of the interlocking influence of shrinkage, creep and relaxation,
it is not convenient to derive the stress change directly from this strain
value. Instead, empirical coefficients were developed based on parametric
calculations using a slightly simpler mathematical form
(5-8)
where the recommended value for the coefficient C is 2.2, 4.0 and 3.0 for
s
lower bound, upper bound and average concrete, respectively.
If several stages of post-tensioning are involved, each steel element
will experience a different amount of shrinkage correction, and the average
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correction is
s = C Al La. log t .
s S~ S~ps
5.6 Effect of Applied Load
(5-9)
By the definition of prestress adopted in Section 1.3, the application
of an external load has no immediate effect on the prestress. However,
because the material stresses are changed, a long-term effect exists for a
sustaining load. This effect is reflected by the term LD in the general
formulation, Eq. 5-1.
Evaluation of the term LD is done in the same ~anner as in the pre-
tensioned members method. All sustained external loads are taken as applied
at the same time, coincident with the casting of deck slab concrete.
The long term effect is a decrease in prestress loss by an amount propor-
tional to the 'elastic stress caused by the applied loads.
LD = 2n. f 0
~ CI'\.;
where f
ct = elastic concrete stress at level of prestressing steel caused
by applied loads.
The effect of the weight of the member itself is somewhat different
from the above. As discussed in Section 4.5, the post-tensioning jacking
force is measured with the member cambered up, and the weight active in
4:he member. Therefore, the measured jacking force includes the tension
caused by gravity load. The initial prestress, as defined in Section 3.1,
is 19wer by this same elastic stress value. To compensate for this effect,
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the coefficient for the dead load stress is reduced.
LD = 2n. f ~ + n. f
~ c"-' ~ cg
Here f is the concrete stress, at the level of steel due to members'
cg
own weight, and f
ct represents the concrete stress caused by all other
long-term loads.
5.7 Modification for Multi-Stage Post-Tensioning
(5-10)
The multi-stage tensioning of steel elements at different times affects
the prestress losses in several aspects. Each post-tensioning stage causes
elastic shortening and subsequent creep losses in each previously anchored
element. On the other hand, the newly tensioned steel element is obviously
not effected by shrinkage and creep strains in concrete which occurred
before its tensioning. These effects can be separately considered and
systematically estimated for each element. Although such a procedure will
be lengthy and tedious, a discussion is necessary ~efore a practical approx-
imation can be developed.
thConsider the k stage post-tensioning of a member, at time t
sk ' when
steel elements with area ask are tensioned, producing an increment of
concrete stress, f
sdk ' at e.g.s. The additional final loss in any pre-
viously anchored steel include the elastic and the creep components. From
Sections 5.3 and 5.4
(CR)k = -1.2 n f sdk
The final prestress loss in ask can be estimated by the general formula,
Eq. 5-1. The elastic term ES is obviously zero. The terms ACF, SRL and
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LD are estimated as discussed in Sections 5.2, 5.4 and 5.6. The remaining
terms are
k
CR = -1.2 n I
i=l
f d.s 1.
The correction for early creep is made on the basis of linear development
with respect to the logarithm of time.
k-l
(CRA\ = -1.2 n I [fSdi log (tsk-tsi+l)] /log(36500+l)
i=l
- 2n f lO'g (t k- t , 1+1) / log (36500+1)
cg s s
(5-11)
Notice that the effects of gr.avity load. and the previously applied pre-
stress must be considered separately. The prestress. decreases gradually
with time, while the. concrete stress caused by gravity load remains prac-
tically unchanged.
It should be kept in mind that the loss in element ask estimated above,
will be modified again by any subsequent tensioning. With loss in each
element estimated in the above manner, the "average" loss in all steel can
be developed.
The "average" loss due to shortening, creep and shrinkage correction
have already been shown in Sections 5.3, 5.4 and 5.5. The average correc-
tion for creep is
45
CRA = A
1
I ask (CRA)k
·ps
k-l
0.26 n Al I ask[I f sdi 109(tsk-tsi+l)]
ps k i=l
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(5-12)

6 • EXAMPLES AND COf1PARISONS
6.1 An Idealized Example
To demonstrate the practical method described in Chapter 5, an
idealized post-tensioned bridge member in analyzed as an example. A more
realistic example is given in Section 6.2. In the idealized example, the
area of prestressing steel was assigned rounded values to simplify com-
putation, and the concrete section is only defined in terms of the several
properties. However, it must be emphasized at the outset tha.t these
simplifications do not change the nature of the problem, only the numerical
values. The demonstration remains perfectly valid.
The example beam is 50 ft long, fabricated with the concrete exhibiting
lower bound loss characteristics. The properties of the net concrete section
are
Area A = 426 sq in
Depth h = 36 in
Centroidal distance from top Yt = 17.83 in
Moment of inertia I = 95726 in4
Post-tensioning is done in two stages, at concrete ages of 1 and 45
days, respectively. Each stage involves a steel area of 1 sq in. The first
group is located at 30 in from the top (Pl = 12.17 in), while the second
stage steel is located 6 inches higher (P2 = 6.17 in). After frictional and
anchorage losses, the "initial tensioning stress tl for all steel is 0.7 f ,pu
or 189 ksi, at the midspan section.
A cast-in-place deck 7.5 inches thick and 60 inches wide is placed at
a concrete age of 180 days.
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The applied moments at midspan section are 1664 kip-in for girder
weight, and 1755 kip-in for deck slab.
The losses in the first stage steel are:
SRL: From Fig. 3, for f .. = 0.7 fp1 pu
SRL = 39.1 ksi
( 1 12.17
2 )
CR: feB = f sd1 = -189(1) 426 + 45726 = -1.06 ksi
n = 5
LD:
s:
CR = -1.2(5)(-1.06) = 6.4 ksi
12.17f cg = 1664 x 45726 = 0.44 ksi
LD = 2(5)(0.47) + 5(0.44) = 6.9 ksi
S = 2.2 log 1 = 0
Corrections due to later tensioning:
ES = -5(-0.75) = 3.8 ksi
CR = -1.2(5)(-0.75) = 4.5 ksi
TLl = 39.1 + 6.4 - 6.9 - 0 + 3.8 + 4.5 = 46.9 ksi
Final prestress = 189 - 46.9 = 142.1 ksi
Final steel stress = 142.1 + 5(0.44+0.47) = 146.7 ksi
Similarly, the losses in the second stage steel are:
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SRL: 39.1 lcsi
(
1 6.17 2 )189(1) 426 + 45726 ~ -0.75 - 0.60 =
\
CR = - 1.2(5)(-1.35) = 8.1 ksi
- 1.35 ksi
s: t 45
s
LD = 2(5)(0.24) + 5(0.23) = 3.5 ksi
LD: f = 0.25 ksi
cg f c2 = 0.25 ksi
eRA:
S = 2.2 log 45 = 3.6 ksi .
-0.26(5)(-0.75) log(45-1+1)
-0.44(5)(+0.23) log(45-1+1)
= 1.62 - 0.82 = 0.80 ksi
TLZ = 39.1 + 8.1 3.5 - 3.6 - 0.80 = 39.3 ksi
Final prestress = 189 - 39.3 = 149.7 ksi
Final steel stress = 149.7 + 5(0.23+0.24) = 152.1 ksi
Alternately, the "average" prestress loss can be calculated approximately
by treating all steel as concentrated at one level, then
1
P = 2: (12 •17 + 6. 17 ) = 9. 17
The loss components are:
ES:
SRL:
1
c = 1(1 _12 +12 ) = 0.25
es 2 22
189 _
ES = 0.25(5) 119.4 - 2.0 ksi
SRL = 39.1 ksi
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CR: f
cs
= -
189
119.4 = -1.6 ksi
LD:
s:
eRA:
CR = -1.2(5)(-1.6) = 9.6 ksi
f cg = 1664 x :57~6 = 0.33 ksi
f ct = 1755 x :57~6 = 0.35 ksi
LD = 2(5)(0.35) + 5(0.33) = 5.2 ksi
2.2(~)(1 x log 1 + 1 x log 45) = 1.8 ksi
-0.26(5)(~)(1)(~)(-1.6) log(45-1+1)
-0.44(0.33)(5)(~)(lOg1 + log 45)
= 1.07 - 0.61 = 0.5 ksi
TL = 39.1 + 2.0 + 9.6 - 5.2 - 1.8 - 0.5 = 43.2 ksi
Final prestress = 189 - 43.2 = 146.8 ksi
Final steel stress = 146.8 + 5(0.33+0.35) = 150.2 ksi
In comparison, the computerized procedure, described in Chapter 4, yielded
the following results:
For the first stage steel: TLl = 47.8 ksi
Final prestress = 140.9 ksi
Final steel stress = 145.8 ksi
For the second stage steel: TL2 = 42.5 ksi
Final prestress = 146.2 ksi
Final steel stress = 148.7 ksi
This beam was also analyzed by the method specified in the current AASHTO
Specifications, (9) assuming an average relative humidity of 70%. The
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calculated total loss is 37.4 ksi, corresponding to a final average steel
stress of 151.6 ksi.
Figure 14 shows the results from the general as well as the simplified
procedures. Also shown is the result obtained by the AASHTO method.
Discussion of these results is given in SectiDn 6.3.
6.2 A Realistic Example
The second demonstrative example for the proposed methods was taken
from the 1975 AASHTO Interim Bridge Specifications. (9) That document
contains a number of examples illustrating the estimation of prestress
losses by the newly adopted AASHTO method. Example Probl~m No. 'IV deals
with a post-tensioned member, and is chosen for this report. The member in
question has a triple-box cross-section, and has a simple span of 162 ft.
The section properties (of the net concrete area) are as follows:
A = 55. 7 ft2 = 8, 021 ina
I = 346 ft4 = 7,175,000 in4
Yc = 2.89 ft = 34.7 in
Yb = 3.61 ft = 43.3 in
Concrete compressive strengths are 4500 psi at 28 days, and 3500 psi at
post-tensioning, with an initial steel-to-concrete modulus ratio of 7.8.
Prestressing steel consists of 290 stress-relieved 1/2 in diameter strands
of the 270 K grade. The centroid of prestressing steel is placed on a
parabolic profile, with zero eccentricity at ends and an eccentricity of
2.61 ft (31.3 in) at midspan. Tensioning is done from one end only, to a
jacking stress of 0.726 f or 195.9 ksi. The frictional coefficients arepu
~ = 0.25 and K = 0.0002. The anchorage seating distance is 0.25 in.
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The calculations for the losses due to friction and anchorage seating
are identical for the method proposed in the report as for the method ~
demonstrated by AASHTO. By Eqs. 3-3 and 3-4, it is found that the anchor-
age length is 87.8 ft., exceeding half span length~ and that the steel
stress at midspan upon anchoring, f ., is 188.7 ksi (approximatelypl.
0.70 f ). These results are nearly identical to those given by AASHTO.pu
Detailed information on the shrinkage and creep characteristics of
concrete and the sequence of post-tensioning were not given in the AASHTO
document. For the application of the proposed method, it is ass~med that
all strands are tensioned within a relatively short time, at a concrete
age of 14 days, and only the average loss is calculated. The ,following cal-
culations are based on the concrete having the upper bound loss characteris-
tics.
ES: A = 290(0.153) == 44.37 sq inps
~ 1 86.3= 3 ) =44.37(80~1 + 7175000,
ES ( 189) ksi= 0.37(7.8) ,86.3 = 6.3
SRL: From Fig. 3, for upper bound concrete and f . = 0.7 f
p~ pu
SRL = 53 ksi
CR: f
cs
189
= - -- =86.3 -2.19 ksi
s:
CR = -1.2(7.8)(2.19) = 20.5 ksi
t
sl = 14 days
S = 4.0 log(14) = 4.6 ksi
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LD: The moment due to girder weight at midspan is 329000 k-in
f cg = 329000 x 7ii5~00 = 1.44 ksi
LD = 7.8 x 1.44 = 11.2 ksi
The total tfaverage" prestress loss is:
TL = 6.3 + 53 + 20.5 - 4.6 - 11.2 = 64.0 ksi
· Final prestress =' 188.7 - 64.0 = 124.7 ksi
Final steel stress' ~ 124.7 + 7.8(1.44) = 135.9 ksi.
Similar calculations, using the characteristics of lower bound concrete,
resulted in a total loss of 52.1 ksi, a final prestress of 136.6 ksi, and
a final steel stress of 147.8 ksi.
The computer program was also used to analyze the member assuming the
steel elements to be-tensioned in three stages, involving 90, 100 and 100
strands respectively. For upper bound concrete, the computerized calcula-
tion resulted in a final "averageH steel prestress of 128.4 ksi and a
final steel stress of 137.3 ksi. For lower bound concrete, the resulting
values are 141.2 ksi and 148.8 ksi, respectively.
In comparison to the above estimations by the methods proposed here,
the AASHTO document sho~s an estimated total loss of 33.2 ksi, and a final
steel stress of 155.8 ksi.
6.3 Comparison of Results
The example calculations in Sections 6.1 and 6.2 show clearly that the
practical procedure, described in Chapter 5, and the computerized general
procedure, described in Chapter 4, give very nearly the same estimate for
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prestress losses. These close agreements are hardly surprising, since
the practical procedure was empirically developed to approximate the
general procedure.
In comparison with the present AASHTO method, as described in detail
in'the 1975 Interim Specifications, the results predicted by the procedure
developed in this report appear to be significantly higher, particularly
when the concrete material with upper bound loss characteristics is involved.
Here it must be pointed out that the comparison may have been distorted by
two apparent fundamental differences between the methods. First, the defi-
nitions of ll pres tress" are probably different. For the proposed procedures,
the terms "prestress" and I1 pres tress losses t1 are clearly and explicitly
defined in Chapter 1. For the AASHTO method, these terms. are not so clearly
defined. Note that in the estimation of both the elastic (ES).and the creep
(CR ) components, the dead load stresses are included (in. f. and f d ). It
c c~r c s
is reasonable to assume that in the AASHTO method, the dead load stress is
not separated from the prestress, and the "1085e5 11 measure the difference
between the initial and final steel stresses under full dead load condition.
Secondly, the meaning of 11final time l1 is probably different in the two
methods. For the proposed procedure, the l1 end of service life l1 was arbi-
trarily placed at a concrete age of 100 years. For the AASHTO method, this
time is again not clearly defined. However, indications exist that a much
shorter time is assumed, probably in the range of 20 years. Considering that
prestress losses u growl1 approximately linearly with the logarithm of con-
crete age in days, the total loss at 20 years can be expected to be
approximately 85% of that at 100 years. When both of these two differences
are taken into consideration, the predictions made by the proposed proce-
dures compare quite well with the present AASHTO method.
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Further comparison of the proposed procedures with the AASHTO method
reveals that the proposed procedures offer much more flexibility over a
large number of parameters. The most important of these is the character-
istics of the concrete material, which influences the elastic, shrinkage
as well as creep components of the losses. In the AASHTO method, only the
effect on elastic shortening is considered, the shrinkage and creep com-
ponents ,are both taken as independent of the concrete material. In the
proposed procedures, the effects of concrete properties are fully incor-
porated. It i~ the authors' opinion that the concrete properties influence
the shrinkage and creep behaviors of concrete significantly, and these
effects must be adequately included to provide accurate estimates of
prestress losses. The consideration of concrete material properties is
particularly important when dealing with post-tensioned members, since the
range of variation is larger in comparison to pretensioned members. I
Additional flexibilities allowed by the proposed procedures but not
by the AASHTO method include the multi-layer placement of steel, the multi-
stage tensioning and the application of long-term loads at several stages.
The AASHTO method yields only one solution, for the "averg.ge" loss in all
steel. The proposed procedures allow the loss in each element to be
evaluated separately. They also allow the estimation of losses at various
times over the entire lifetime of the member. In short, the proposed
procedures give much more detailed estimation than the present AASHTO method.
The only parameter considered by the AASHTO method but not' the proce-
dures proposed herein is the relative humidity of the environment. The
basic concrete characteristic equations were developed from strain measure-
ments on concrete specimens stored in the Fritz Engineering Laboratory, with
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a moderate environment. Subsequent field study indicated that the character-
istics equations apply reasonably well to the prevailing condition at the
Pennsylvania State Test Track, with an average relative humidity of approx-
imately 70%(9). For areas substantially drier or wetter than Pennsylvania,
an adjustment to the shrinkage coefficients (D 1 and D2 ) in the concrete
characteristic equations would appear appropriate. Without field data from
locations with significantly different environmental conditions, these
adjustments cannot be incorporated properly. However, using the procedures
as they are probably will not induce excessive error.
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7. SUMMARY AND CONCLUSIONS
This report contains a computerized general procedure for the
estimation of prestress losses in post-tensioned concrete bridge members,
and a simplified procedure which is suitable for manual calculations.
These procedures are proposed for the use by the Pennsylvania Department of
Transportation, as an alternative to the method described in the AASHTO
Specifications.
Conclusions derived from the studies leading to the .development
of these prediction procedures include the following:
1. Prestress losses in post-tensioned members are reasonably
estimated by either the general or the simplified procedure.
2. Using the simplified manual procedure, prestress losses may be
estimated either for each steel element separately, or for the
entire steel in average.
3. The proposed procedures represent improvements of the present
AASHTO method, as many more parameters are incorporated into
these procedures.
4. The multi~staged post-tensioning causes a .significant change in
the elastic component of prestress losses. However, unless a
substantial period of time elapses between stages, the effect on
shrinkage and creep' components is negligible.
5. The proposed procedures produce predictions of prestress losses
which appear higher than the present AASHTO method. However, the
difference may be caused by different time and stress parameters.
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TABLE I COEFFICIENTS FOR STEEL SURFACES
Instantaneous Stress-Strain Relationship
All
Manufacturers
A = -0.4229
1
A2 = 1.21952
A3 = -0.17827
c'\
o
Size
7/16 in.
1/2 in.
ALL
Relaxation Coefficients - Stress Relieved Strands
Manufacturers B1 B2 B3
B -0.05243 0.00113 0.11502
C -0.04697 -0.01173 0.10015
U -0.06036 0.00891 0.12068
ALL -0.05321 0.00291 0.11294
B -0.06380 0.00359 0.12037
C -O~O7880 -0.00762 0.14598
U -0.06922 0.00844 0.13645
ALL -0.07346 0.00620 0.13847
ALL -0.05867 0.00023 0.11860
Low-Relaxation Strands
B4
0.05228
0.05943
0.02660
0.03763
0.05673
0.05920
0.04394
0.04608
0.04858
7/16 in.
1/2 in.
L
L
ALL
-0.00412
-0.02672
-0.01403
0.00142
0.01399
0.00609
0.02203
0.04435
0.03245
0.01605
0.00923
0.01395
TABLE 2 COEFFICIENTS FOR CONCRETE SURFACES
Upper Lower
Coefficients Bound Bound Combined
Elastic Strain C1* 0.02500 0.02105 0.02299
D1 -0.00668 -0.00066 -0.00289
Shrinkage
DZ 0.02454 0.01500 0.02031
E1 -0.01280 -0.00664 -0.01592
EZ 0.00675 -0.00331 0.00649
Creep
E3 -0.00600 -0.00371 0.00256
E4 0.01609 0.01409 0.01153
*Note: C1 = lOO/Ec where E is modulus of elasticity for concrete,c
in ksi
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APPENDIX A
NOTATIONS
The notations used in this report were defined upon their first
appearance in the text. Those of a general importance are assembled in
this ,Appendix for easy reference. Several notations are used only once -
and are not included in the following listing. An effort has been made
to make the units of the symbols consistent. Unless specifically indi-
cated otherwise, all quantities are expressed in consistent kip-iu·eh-day
units.
A. = Area of an individual steel element
Sl
A, A = Area of net concrete section
c
A Area of the gross cross-sectiong
A = Total area of all prestressing steel elementsps
ACF = Prestress loss due to friction and anchorage seating
BLL = Basic long-term loss, prestress loss due to shrinkage, creep and
relaxation
C = Coefficient for estimation of elastic loss, see Eq. 507
es
C = Coefficient for estimation of shrinkage correction, see Eq. 5-8
s
CR = Prestress loss due to creep of concrete
eRA = Correction to prestress loss for multistage post-tensioning
e Eccentricity of prestress, referring to the net cross-section
-77-
e Eccentricity of prestress, referring to the gross cross-sectiong
E Modulus of elasticity of post-tensioning steel
s
EL, ES = Prestress loss due to elastic shortening
f = Fiber stress in concrete
c
f = Concrete fiber stress, at level of steel, caused by member's own
cg
weight
fc~ = Concrete fiber stress, at level of steel, caused by the applied
long term loads other than the member's own weight
f
cs
f p
f pu
f
s
f
sd
f d.S 1
Concrete fiber stress at e.g.s. at an arbitrary time
= Prestress in steel
= Specified ultimate tensile strength of prestressing steel
= Stress in prestressing steel
= Increment of concrete stress, ·due to application of load at
= Increment of concrete stress, at level of steel, due to the post-
.. f h .thtensl0n~ng 0 tel stage
f. = Initial steel stress immediately upon anchorage-
81
f. = Jacking steel stress at the end
SJ
fst = Steel stress caused by applied loads, at end of service life
f = Steel stress after anchorage seating, at a point x distance from
x
the jacking end
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= Parameters to define concrete stress distribution in member
s~ction, see Eq. 2-7
I, I = Moment of inertia of gross cross-sectiong
IL = Initial total prestress loss, immediately after transfer
k = Combined friction coefficient, defined in Section 3.2
kl Time interval from tensioning of steel to transfer
kZ = Initial tensioning strain in steel, in 10-
2
k
4i = Strain compatibility constant for the i
th
stage prestressing
steel, defined by Eq. 4-6, in 10-Z
-1K Wobble coefficient of post-tensioning system, in ft.
2 Length qver which the anchorage seating loss is distributed, in ft.
a
L = "Effective" member length, maximum length over which the
e
anchorage seating loss may be distributed, in ft.
M
n.
1
p
PL
REL
s
= Bending moment on section caused by applied load
= Modular ratio at transfer time
= Axial load on section caused by applied load
Total prestress loss t days after transfer
c
Prestress loss due to relaxation
= Relaxation loss occurring before transfer
Correction to prestress loss, accounting for the shrinkage occur-
ring before post-tensioning
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-2S Strain in concrete, in 10
s:
10- 2S Steel strain, in
s
SRL = One part of the final prestress loss, independent of section
geometry
t = Time from transfer
c
t cs = Age of concrete when long term load is applied to' prestressed
concrete member
t = Time from initial tensioning of steel
s
t
sl Age of concrete when first stage of post-tensioning steel is
stretched
t .
81
(t ).
S 1
TL
x
A f h h .th .. k 1= ge a concrete w en t e 1 stage post-tensl0n1ng ta es pace
= Steel "age" after post-tensioning, for the i th stage steel
= Total prestress loss at end of service life
= Distance 9f elementary area .from the centroid axis of gross
cross-section
= Distance of a given section from the jacking end in ft_ ,
see Section 3.1
= Total angle change in the steel profile, from the jacking end to
a point x distance away, in radians
at = Total angle change over a distance t, in which the curvature of
prestressing steel is constant, in radians
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S = A dimensionless parameter of the section geometry
1
= , (Eq. 5-6)
Aps (~ + ~2)
(S refers to gross section properties in Chapter 2)
y = Magnification factor for n. to reflect effects of shrinkage,
1
creep and relaxation, dimensionless
~ Anchorage seating distance, in inches
a
~ = Frictional coefficient between prestressing tendon and its conduit
-81-
APPENDIX B
FLOW DIAGRAM FOR PROGRlu'1 BEAM
(Program BEAM)
Input Section Properties
(Read Card 1)
Initialize Parameters
Subroutine INIII
0------...11 Set Stage Counter I
Input Next Event
(Read Card 2 or 4)
Card 2 ~ ~ Card 4
post-TerSiOning......'I(-----~rd 2 or/----1..-. No More TlenSioning
Analyze for--
Remaining Time
Subroutine LASTS
Analyze for
Post-Tensioning
Subroutine POST
Analyze for
Intermediate Times
Subroutine INTERM
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\. Subroutine INIII [
Define the Concrete Characteristic Coefficients
Calculate Moment Due to Member's Own Weight
Set Initial Values for Control Variables
I Return I
-83-
Subroutine
INTERM:
Analyze Section
for Specified Time
·Subroutine PREDI-
Output Results
Subroutine PROUT
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Subroutine
POST
Input Additional Data
Read Card 3
Analyze Before Post-Tensioning
Subroutines FREDI, PROUT
Calculate Post-Tensioning Force
Subroutine ANCFR
Calculate Equivalent Load System
Estimate hii~ hZi
Repeat 5 Times
I
Analyze After Post-Tensioning
Subroutine PREDI
IICalculate hli , h Zi I
!
Calculate Steel Stresses
and Prestresses
""
..
. .
Output Results
Subroutine PROUT
,
( Return)
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Subroutine
LASTS
Input Data. on Deck Casting
(Read Card 5)
Analyze for Times Before Deck Casting
Subroutine PREDI, PROUT
Calculate Loading Due to Deck
Estimat~ hi' h2
----------~\ Repeat, 5 times)~~------~
Analyze After Deck Casting
Subroutine PREDI
IRevise h1 , h2 \
Calculate Stresses After Deck Casting
Output Results
Subroutine PROUT
Analyze for rema1n~ng Life of Member
Subroutines PRED!, PROUT
( Return)
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Subroutine PREDI
\ Initialize Values for U and V Coefficients I
For Each Stage of Post-Tensioning Steel,
"
Get Q1 and QZ for the Location of asi
(CONCS)
Calculate R1i , RZi ' R3i
Increment U and V Coefficients I
"
Solve Simultaneous Equations
For gl and g2
CReturn)
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Subroutine PROUT
Write out Concrete Stress at the Top of the Beam
'I
t
Write out Concrete and Steel Stresses,
and Steel Prestress for Steel Elements of each St:age
Write out Concrete Stress at the Bottom of the Beam
Calculate and Output the Total Steel Force
and its Eccentricity
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l Subroutine ANCFR I
r Calculate Anchorage Length I
Compare Anchorage Length with Effective Length,
Also compare Location of Critical Sections
Calculate Steel Stress at Critical Section
After Anchorage and Friction Losses
I Return
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Subroutine
cONes
Q = 02
Add Creep Terms to Ql' Q2
If t >. t
C 82
Add f
sdi terms to Q1
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Input Data Required for Program BEAM
Card No.1: Properties of the Concrete Member: Area, total depth,
centroidal location and moment of inertia of the net section; span
length; and characteristics of concrete material.
Card No.2: Partial data on post-tensioning, to be followed by card No.3.
These may be any number of sets of cards 2 and 3 as needed.
Concrete age at post-tensioning, size, manufacturer and character-
istics of steel, number of strands terisioned, location of steel and
initial jacking stress.
Card No.3: Additional data on post-tensioning, supplementing these on
card No.2.
Jacking from one or two ends, friction and wobble coefficients,
profile of steel tendon, and anchorage seating distance.
Card No.4: A blank card signaling the completion of all post-tensioning
stages.
Card No.5: Data on deck slab: Concrete age when deck is cast, compres-
sive strength of concrete in slab and in beam, size of deck slab and
any additional moment to be carried by the precast beam or the com-
posite sections.
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APPENDIX C
DERIVATION OF EQUATIONS
The computerized general procedure is based on the material stress-
strain-time relationships, time and strain compatibility relationships,
equilibrium conditions and the linear distribution of concrete stresses,
as listed below.
The steel material relationship
(2-1)
The concrete material relationship
(4-3b)
The time compatibility linkage for the steel element post-tensioned
at the i th stage.
(t ). = t
s 1. C
t .
81.
(4-1)
The strain compatibility linkage for the i th stage steel
s . + S • = k41..81 C1.
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(4-6)
The equilibrium conditions
jf dA + L (f · a .) = -pc C 81 81
jf xdA + L (f · a . x.) = Mc C 81 S1 1.
The linear distribution of concrete stresses
(C-l)
(C-2)
f
c
(2-7)
All notations in these equations have been defined when they appear
in the main body of this, rE?port, and will not be repeated here. It is
emphasized that each steel element, a
si ' has its own characteristic
equation (2-1), and its own time parameter (t ). and that f , S , f , and
S 1 sse
f d- are all ,functions of x. It is also noted that the x distances refer
S 1
to the centroidal axis of the net concrete section, the integrations are
over the net concrete section, and that at any given time t , the summa-
c
tions in Eqs. 4-3b, C-I and C-2 cover all steel elements which have been
post-tensioned, i.e.,
of P, M and x.
t . < t .
81 C
Figure 1 shows the positive directions
For the sake of brevity in the following derivations, Eqs. 2-1 and
4-3b are rewritten in shorter forms:
f
s
(C-3)
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(C-4)
where
Q1 = [D1 + DZ log (t c + 1)] + [EI + EZ log (t c + 1)]
- E4 L {fsdi [log (tc - t si + 1) - log (tc - t s1 + l)]}
Substitute (C-4) into (4-6)
(C-5)
Substitute (C-5) and (4-1) into (C-3) for the steel element of the i th
(C-6)2= R1 · + RZ·£ · + R3 ·f ·1 1 C1 1 C1
stage,
Substituting (2-7) into the equilibrium equations (C-l) and (C-2) , and
performing the integrations,
A gl + L (f . a.) = -p
C 81 81
(C-la)
-94-
I 82 + L: (f . a . x.) = Mn Sl 81 1 (C-2a)
Substitute (C-6) and expand, two quadratic equations in g1 and g2 are
obtained ..
in which
U1 = P + 2: (Rli a .) Vl - M + L: (RI , a , x,)S1 1 81 1
U2 = A . + L (R2 . a.) V2 = L (R2 · a . x.) = U3C . 1. Sl- l. 81. 1
U3 = L: (R2i a . x.) V3 = I + L: (R2 . a , x, 2)81 l. n 1. 81 1
U4 L: (R3 . a'') V4 = L: (R3i x.) 1= a =-u1. 81 ai 1 2 5
2 L: (R3i x.) 2L: (R3i 2Us = a Vs a Xi )=2U6si l- si
L: (R3i 2 L: (R3i 3U = a . x. ) V6 = a . x. )6 81 1 81 1.
(4-7)
(4-8)
(C-7)
It should bel pointed out once again that in the above equations, all sum-
mations are over the steel elements which have already been tensioned,
i .. e., t . < t •
81 C
Each stage of post-tensioning, or the application of external load,
causes changes of concrete stresses, and introduces new f d- terms into
S 1.
the concrete characteristic equation (4-3b). The evaluation of these
stress increments. is done by an iterative procedure, starting from approxi-
mate values based on linearly elasticity. It is noted that the increments
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in question are the differences of concrete stresses before and after the
"loading."
f d.S 1 = f - fca cb (C-8)
From Eq. 2-7
where the subscripts a and b stand for "after" and "before," respectively.
Therefore
where
f = gla + g2axca
feb = glb + g2bx
f d. = (gla - glb) + (g2a - gZb) xs ~
= h1i + hZix
hli = gla - glb }hZi = gZa - g2b
(C-9)
(C-IO)
At the time of the i th stage post-tensioning (or loading), t = t ., the
. c S~ .
stress condition just before is directly determined by solving the simul-
taneous equations (4-7) and (4-8). For the "after" conditions, the intial
f d. values are obtained by linear elastic approximations
s ~
f d. ~ (a . f -)
S 1. 8J. 81
or, more generally,
(C-l1)
(4-5)
Terms corresponding to this approximate f d- are added to the concreteS J.
characteristic equation. Similarly, the external load terms in the
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equilibrium eq~ations, P and M, are incremented by the newly applied loads
at this time. The "previous" section, is then analyzed again using the
general solution procedure, yielding the first approximate solutions for
gla and gZa· It should be pointed out that for this solution, the stress
increment f d' for the stage under question is included in the concrete
S 1.
characteristic equation, but the steel area for the current stage is not
included in the equilibrium equations.
The approximate solution for gla and gZa" as described above, enables
the calculation of improved estimate f d. by using equations (C-IO) and
S 1.
(e-g). A new solution for the "after" stress condition can now be made,
based on the new value of f d .• This iterative process is continued untilS 1.
no significant changes in h1i and h2i are made. The comput~r pr~gram sub-
routine provia.es for five iterations. Usually, only two or three, cycles
are needed to reach stabilized solutions.
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